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Abstract

We consider various models of three-dimensional gravity with torsion or nonmetricity (metric affine
gravity), and show that they can be written as Chern—Simons theories with suitable gauge groups. Using the
groups ISO(2, 1), SL(2, C) and SL(2, R) x SL(2, R), and the fact that they admit two independent coupling
constants, we obtain the Mielke—Baekler model for zero, positive and negative effective cosmological
constant respectively. Choosing SO(3, 2) as the gauge group, one gets a generalization of conformal gravity
that has zero torsion and only the trace part of the nonmetricity. This characterizes a Weyl structure. Finally,
we present a new topological model of metric affine gravity in three dimensions arising from an SL(4, R)
Chern—Simons theory.
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1. Introduction

General relativity in four spacetime dimensions is a notoriously difficult theory, already at
the classical and in particular at the quantum level. This is one of the main reasons why people
are interested in simpler models that nevertheless retain almost all of the essential features of
four-dimensional general relativity. One such model is pure gravity in 2 4+ 1 dimensions, with
or without the cosmological constant. This theory has been studied extensively in the past, in
particular by Deser, Jackiw and 't Hooft [1,2]. The most famous example where we learned
something on general relativity by considering a simpler toy model is perhaps the BTZ black
hole [3], whose study revealed a lot on the quantum structure and the statistical mechanics of
black holes (for a review cf. [4]).

Major progress in (2 + 1)-dimensional gravity came when Achtcarro and Townsend [5] and
Witten [6] showed that these systems can be written as Chern—Simons (CS) theories, with gauge
group ISO(2, 1), SL(2, C) or SL(2,R) x SL(2, R) for zero, positive or negative cosmological
constant respectively. In trying to write down a CS action for the Poincaré group, one encounters
the problem that ISO(2, 1) is not semisimple, and therefore the Killing form is degenerate. As
noted by Witten [6], the Poincaré algebra admits nevertheless a nondegenerate, ad-invariant
bilinear form given by

(Jas Pp) = Nab, (Ja, Ip) = AMap, (Pa, Pp) =0, (1.D

where J, and P, denote the Lorentz and translation generators, and X is an arbitrary real constant.
Mathematically, the existence of an ad-invariant, nondegenerate quadratic form on the Poincaré
algebra follows from the fact that iso(2, 1) is the double extension of a reductive Lie algebra (in
this case the trivial algebra): Let .4 be a reductive Lie algebra, i.e., a direct sum of a semisimple
and an abelian algebra. A admits an invariant nondegenerate bilinear form f2;;, whose restriction
to the semisimple part is simply given by the Killing form, and the restriction to the abelian
subalgebra is proportional to the identity. The generators 7; of A satisfy
[, 71 = fij*u.

The double extension of A is obtained by adding the new generators H, and Hg such that

(v, 7] = fijf e + hij* HE,

[Hy, il = hai' 1,

[Ha, Hp) = gap“ He, (1.2)
[Ha, Hi1 = g,;HZ

[z, H] = [H}, H] =0,

where ;7 i = hix®8aq. If furthermore g,,¢ = guEE, there exists an ad-invariant,
nondegenerate quadratic form on the double extension of A, given by [7]

2 0 0
219=10 A 8,1, (1.3)
0 d8; O

where I =i, a, a, and A4 denotes any invariant quadratic form on the algebra generated by the
H,. If the algebra A is trivial (no generators T;), (1.2) has exactly the structure of the Poincaré
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algebra
[Ja, Ip] = €ap e, [Ja, Pyl = €ap° P, [Pa, Pp] =0, (1.4)

if we identify the generators H, with J, and H with Pj. The invariant quadratic form (1.3)
reduces then to (1.1). Retaining a nonvanishing A in a CS formulation of three-dimensional
gravity leads to the inclusion of a gravitational Chern—Simons action (i.e., a CS term for the
spin connection) [6]. This does not change the classical equations of motion, but leads to
modifications at the quantum level [6].

One can now try to depart from pure gravity, thus rendering the model less trivial, while
maintaining at the same time its integrability. A possible way to introduce additional structure is
to permit nonvanishing torsion and/or nonmetricity (metric affine gravity) [8]. We would like to
do this in such a way that the resulting model can still be written as a CS theory for some gauge
group. There are several reasons that motivate the introduction of torsion or nonmetricity. Let us
mention here just a few of them. For a more detailed account we refer the reader to [8]. First of
all, nonmetricity is a measure for the violation of local Lorentz invariance [8], which has become
fashionable during the last years. Second, the geometrical concepts of nonmetricity and torsion
have applications in the theory of defects in crystals, where they are interpreted as densities of
point defects and line defects (dislocations) respectively, cf. [9] and references therein. Finally,
nonmetric connections or connections with torsion are interesting from a mathematical point
of view. For example, a torsionless connection that has only the trace part of the nonmetricity
characterizes a so-called Weyl structure. If, moreover, the symmetric part of the Ricci tensor is
proportional to the metric, one has an Einstein—Weyl structure (cf. e.g. [10]). Einstein—Weyl
manifolds represent the analogue of Einstein spaces in Weyl geometry, and are less trivial
than the latter, which have necessarily constant curvature in three dimensions. Einstein—Weyl
structures are interesting also due to their relationship to certain integrable systems, like the
SU(oo) Toda [11] or the dispersionless Kadomtsev—Petviashvili equation [10].

In this paper, we consider various models of three-dimensional metric affine gravity and show
that they can be written as CS theories. This is accomplished either by using gauge groups larger
than ISO(2, 1), SL(2, C) or SL(2, R) x SL(2, R), or by using the fact that these groups admit
two independent coupling constants, as was explained above for the case of the Poincaré group.

The remainder of our paper is organized as follows. In the next section, we briefly summarize
the basic notions of metric affine gravity. In Section 3, we show that the Mielke—Baekler model,
which is characterized by nonvanishing torsion and zero nonmetricity, can be written as a CS
theory for arbitrary values of the effective cosmological constant. In Section 4, a CS action for
the conformal group SO(3, 2) is considered, and it is shown that this leads to a generalization of
conformal gravity with a Weyl connection. Finally, in Section 5, we propose a topological model
of metric affine gravity based on an SL(4, R) CS theory and discuss some of its solutions. In the
last section we summarize the results and draw some conclusions.

2. Metric affine gravity

In order to render this paper self-contained, we summarize briefly the basic notions of metric
affine gravity. For a detailed review see [8].

The standard geometric set-up of Einstein’s general relativity is a differential manifold M,
of dimension D, endowed with a metric g and a Levi-Civita connection V, which is uniquely
determined by the requirements of metricity (@g = 0) and vanishing torsion. This structure is
known as a semi-Riemannian space (M, g).
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One can now consider more complicated non-Riemannian geometries, where a new generic
connection V is introduced on 7 M which is, in general, independent of the metric. In this way
one defines a new mathematical structure called a metric affine space (M, g, V).

One can measure the deviation from the standard geometric set-up by computing the
difference (V — @)v between the action of the two connections on a vector field v defined on
T M. To be more specific one can choose a chart, so that the action of the connection is described
by its coefficients,!

Vv =9,0" + IV, 0%, 2.1)
and the deviation can be written as

(Vi = Vo' = NY , vh. (2.2)
The tensor

N*,,=T",-T",, (2.3)

is called the distortion and measures the deviation of V from the Levi-Civita connection. This
object can be decomposed into different parts, depending essentially on two quantities: the
torsion and the nonmetricity.

The torsion tensor T is defined by the first Cartan structure equation

T9 =de® + ', Aeb, (2.4)
where w® , is the spin connection acting on (flat) tangent space indices a, b, . . ., and e denotes
the vielbein satisfying e? Meb »8"Y = 0, with n? the flat Minkowski metric. A priori, &® p 18

independent of the connection coefficients I'* v+ The two objects become dependent on each
other by the tetrad postulate

Ve, =0, 2.5)
implying
wa =e?, r up €b P _ept e, (2.6)

so that the spin connection a)Z » 18 the gauge transform of Ir* up With transformation matrix e ;.
For nonvanishing torsion, the connection coefficients are no longer symmetric in their lower
indices, as can be seen from

0=2V[e, = (Buea p —0ve? +wﬁbeb L~ el M) —2r* ] € 2 2.7
which yields

T =e T, =2I"" . (2.8)
or, equivalently,

T* 1y = 2N ), (2.9)

since the Levi-Civita connection has zero torsion, I'* | = 0.

[pv

! The connection coefficients for the Levi-Civita connection are called Christoffel symbols and are denoted by v i
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The nonmetricity Q is a tensor which measures the failure of the metric to be covariantly
constant,

Qkuu = _V,ugu)w (2.10)
Using Vg = 0 and the definition (2.3), one gets

Qk/w = N)»//.v + NV/L)u (2.11)

b

where N; 0 = gioN° v For nonzero nonmetricity, the spin connection w®’ is no longer

antisymmetric in a, b: By computing the covariant derivative Vun“b one obtains Qﬁb = Zw,(fb),
with QZb = ¢l oui- This means that the spin connection takes values in gl(D, R) instead
of the Lorentz algebra so(D — 1, 1).

Notice that in the presence of nonmetricity, the scalar product of two vectors u, v can change
when u, v are transported parallel along a curve. Let ¢ be the tangent vector of an infinitesimal
curve c. The variation of the scalar product is then given by

8g(u, v) = Vi(guu'v’) = —Qint utv”. (2.12)

Physically, this states that if we enlarge the Lorentz group, the interval is no longer an invariant
and in fact, for generic nonmetricity, the very concept of the light cone is lost.

The two tensors 7 and Q uniquely determine the distortion and, as a result, the connection.
This can also be seen by counting the degrees of freedom: the distortion is a generic tensor with
three indices, so it has D3 independent components. The torsion and the nonmetricity, due to their
symmetry properties, have respectively D?(D —1)/2 and D?(D+1)/2 independent components;
their sum gives precisely the expected number of degrees of freedom. To obtain the distortion
in terms of torsion and nonmetricity one has to solve the Eqgs. (2.9) and (2.11). Considering all
possible permutations one obtains

1 1
Nkuv = E (Tvku - Tkvu - T;w)») + E (Qkuv + Q)»vy. - Q;Mv) ’ (2-13)

which is the expected decomposition of the distortion. The Levi-Civita connection is obtained
setting 7% = 0 and Q,p = 0. The combination

1
Ky = 5 (Tv)\u — Towp — ;w)u) ) (2.14)

which is antisymmetric in the first two indices, is also called contorsion.

Note that in metric affine gravity, the local symmetry group is the affine group A(D, R) =
GL(D, R) x RP instead of the Poincaré group ISO(D — 1, 1). The associated gauge fields are
@™ and ¢“. In what follows, we shall specialize to the case D = 3.

3. The Mielke-Baekler model as a Chern-Simons theory

Let us first consider the case of Riemann—Cartan spacetimes, characterized by vanishing
nonmetricity, but nonzero torsion. A simple three-dimensional model that yields nonvanishing
torsion was proposed by Mielke and Baekler (MB) [12] and further analyzed by Baekler, Mielke
and Hehl [13]. The action reads [12]

I =aly + A + a313 + agly, 3.1
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where a, A, a3 and a4 are constants,

1122/6aARa,

1 .
L = —§/eabce“ Al A el

1
Iz = /a)a ANdo® + geabcwa NN
Iy = /ea AT,

1
R* = do® + Eeabc o’ Ao,

and

T% = de® + €% o A €,

denote the curvature and torsion two-forms respectively. w® is defined by w* = %eahcwbc with
€o12 = 1. I7 yields the Einstein—Hilbert action, /> a cosmological constant, /3 is a Chern—Simons
term for the connection, and I4 represents a translational Chern—Simons term. Note that, in
order to obtain the topologically massive gravity of Deser, Jackiw and Templeton (DJT) [14]
from (3.1), one has to add a Lagrange multiplier term that ensures vanishing torsion. The field
equations following from (3.1) take the form

2aR® — Ae®pe e A €€ + 204T* = 0,
2aT® + 203 R® + aaepe €’ A e€ = 0.

In what follows, we assume a3a4 — a # 0.2 Then the equations of motion can be rewritten as

2T = Aepe e’ A €, 2R? = Be%pe e” A €€, (3.2)
where
063/1 + aga ald+ 0[2
azoy —a?’ 7wz —a?’

Thus, the field configurations are characterized by constant curvature and constant torsion. The
curvature R* of a Riemann—Cartan spacetime can be expressed in terms of its Riemannian part
R and the contorsion one-form K¢ by

~ 1
RO =R —dK® — €po® N K — € e K" AK€, 3.3)
where K¢ = Je%. e e Kp,,,,, and K, denotes the contorsion tensor given by (2.14). Using
the equations of motion (3.2) in (3.3), one gets for the Riemannian part

2R = Aefre®pe ” A €, (3.4)
with the effective cosmological constant
AZ
Aefr = B — R

2 For azoy — a% =0 the theory becomes singular [13].
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This means that the metric is given by the (anti-)de Sitter or Minkowski solution, depending on
whether A is negative, positive or zero. It is interesting to note that A.g can be nonvanishing
even if the bare cosmological constant A is zero [13]. In this simple model, dark energy (i.e.,
Aefr) would then be generated by the translational Chern—Simons term /4.

In [15] it was shown that for Ae < 0, the Mielke-Baekler model (3.1) can be written as a
sum of two SL(2, R) Chern—Simons theories. We will now show that this can be generalized
to the case of arbitrary effective cosmological constant. For positive Ae¢f, the action I becomes
a sum of two SL(2, C) Chern—Simons theories with complex coupling constants, whereas for
vanishing Aegr, I can be written as a CS theory for the Poincaré group.

To start with, we briefly summarize the results of [15]. For Aeg < O the geometry is locally
AdS3, which has the isometry group SO(2,2) = SL(2, R) x SL(2, R), so if the MB model is
equivalent to a Chern—Simons theory, one expects a gauge group SO(2, 2). Indeed, if one defines
the SL(2, R) connections

A% = + g€, A“:a)a-i—cjea,
then the SL(2, R) x SL(2, R) Chern—Simons action®

t 2 t ~ ~ 2. L .
ICSz—/ ANdA+-ANANA +—/ ANdA+-ANANA 3.5
8 3 8 3

coincides (up to boundary terms) with 7 in (3.1), if the parameters ¢, g and the coupling constants
t, f are given by

A - A
q = —E + v —Aetr, q = _E — v et (3.6)
and
t 2a 4+ a3z A f 2a + a3zA
g tatesd L, fated 3.7
N T w0 T G-D

We see that ¢, g, and thus the connections A?, A? are real for negative Aegr. The coupling
constants ¢, f are also real, but in general different from each other due to the presence of I3.

For Aegr > 0, ¢ and g become complex, with ¢ = ¢ and thus A% = A“. As the connections
are no longer real, we must consider the complexification SL(2, C) of SL(2, R). Then (3.5)
becomes a sum of two SL(2, C) Chern—Simons actions, with complex coupling constants ¢, f,
where 7 = f. Again, (3.5) is equal (modulo boundary terms) to the Mielke—Baekler action (3.1).
This of course makes sense, since the isometry group of three-dimensional de Sitter space is
SO(3, 1) = SL(2, C). The usual CS formulation of dS3 gravity [6] is recovered for «3 = ag = 0.

The real part of ¢, i.e., up to prefactors, a3, is subject to a topological quantization condition
coming from the maximal compact subgroup SU(2) of SL(2, C) [16]. As 7 = £, the action (3.5)
leads to a unitary quantum field theory [16].

Finally, we come to the case of vanishing Ae. The condition B — A?/4 = 0 implies that A
can be expressed in terms of the other parameters according to

_ 2a3 — 3aczoy £ 2 (a2 — ot3oz4)%

A= 3.8
o (3-8)

3m (3.5), (T4, Tp) = 2Tr (t4Tp) = Nap, and the SL(2, R) generators 1, satisfy [t4, Tp] = €45  Tc-
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2

As we want A to be real, we assume a~ — aza4 > 0. Let us consider the CS action

k 2
ICS:—/ ANdA+-ANANA), 3.9)
4 3

where A denotes an iso(2, 1) valued connection, and the quadratic form on the Poincaré algebra
is given by (1.1). According to what was said in the introduction, this (nondegenerate) bilinear
form is ad-invariant for any value of the parameter A. If we decompose the connection as

A=¢e"P,+ (0" +ye?) Iy, (3.10)

then the CS action (3.9) coincides, up to boundary terms, with (3.1) (where now A is not
independent, but determined by (3.8)), if the constants k, A and y are chosen as

k + /a2 —
T I e N CR T
3

4 a? — azau o

In conclusion, we have shown that the Mielke—Baekler model can be written as a Chern—Simons
theory for any value of the effective cosmological constant A.¢, whose sign determines the gauge
group. This was accomplished by a nonstandard decomposition of the CS connection in terms of
the dreibein and the spin connection, and by using the fact that the gauge groups considered admit
two independent coupling constants. As the CS connection is flat, and thus entirely determined
by holonomies, there are no propagating local degrees of freedom; hence there cannot be any
gravitons in the MB model, contrary to the claim in [13].

It would be interesting to study the asymptotic dynamics of the Mielke-Baekler model
in the case Aef < 0, where the spacetime is locally AdS3. According to the AdS/CFT
correspondence [17], (3.1) should then be equivalent to a two-dimensional conformal field
theory on the boundary of AdSs3, where the bulk fields ¢* and w” are sources for the CFT
energy—momentum current and spin current respectively. It was claimed in [15] that in general the
putative CFT has two different central charges. (Unlike for the case a3 = o4 = 0,a = 1/167 G,
A= —1/12, where ¢, = cg = 3[/2G [18].) It would be interesting to compute these central
charges explicitly, and to see whether the entropy of the Riemann—Cartan black hole [19] (which
represents a generalization of the BTZ black hole with torsion) can be reproduced by counting
CFT states using the Cardy formula. Like in [20], one expects the action (3.5) to reduce to a sum
of two chiral WZNW actions on the conformal spacetime boundary. For a3 = a4 = 0, these
two chiral actions combine into a single nonchiral WZNW model [20]. As the two SL(2, R) CS
actions in (3.5) have different coupling constants, it might be that in the general case this is no
longer true, and one is left with a sum of two chiral WZNW models that have different central
charges. It remains to be seen how this reduction works in detail.

4. Weyl structures from Chern—Simons theory
In this section we will show how to get Weyl structures, which are characterized by torsion-
free connections that involve only the trace part of the nonmetricity, from Chern—Simons

theory. To start with, let us consider conformal gravity in three dimensions, defined by the
action [14]

2
I :/ (w“b/\dwbcl—i—gw“b/\whc.cha) ) 4.1
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Here, w denotes an so(2,1) valued (and hence metric) connection, which is not a
fundamental variable, but is considered as a function of the dreibein, as is required by
vanishing torsion. Therefore, variation of (4.1) leads to third-order differential equations,
namely [14]

1
cH = etPv, LY =0, (4.2)
V=8

where L, denotes the Schouten tensor defined by

Ly =Ry — %R 8uv- 4.3)
CHM is known as Cotton—York tensor.? It has zero trace, reflecting the conformal invariance of
(4.1). In three dimensions, the Cotton—York tensor takes the role of the Weyl tensor (which
is identically zero in 3D). C,, vanishes if and only if spacetime is conformally flat [22].
Eq. (4.1) is sometimes called the gravitational Chern—Simons action. Its supersymmetric
extension was obtained in [23]. The dimensional reduction of the action (4.1), studied in [24],
has recently been shown to describe a subsector of BPS solutions to gauged supergravity in four
dimensions [25].

Originally, the gravitational Chern—Simons action was introduced by Deser, Jackiw and
Templeton in order to render three-dimensional Einstein gravity nontrivial: If one adds (4.1)
to the Einstein—Hilbert action, the theory acquires a propagating, massive, spin 2 degree of
freedom [14].

Horne and Witten showed that conformal gravity in three dimensions with action (4.1) can
be written as a Chern—Simons theory for the conformal group SO(3, 2) [26]. To this end, they
decomposed the SO(3, 2) connection A according to

_a 1 ab a
A= ey Py = S0 Jap + 1y Ka + $uD, (4.4)

where P,, Jup, K4, D denote respectively the generators of translations, Lorentz transformations,
special conformal transformations and dilations. The Chern—Simons action for A leads then to
the equations of motion [26]

de" + o'y A’ —p Aet =0, (4.5)
do™ + 0 AP — e AAL + P AXT =0, (4.6)
dr* + o'y AL+ ¢ AT =0, 4.7)
dop +e* A, =0. (4.8)

The generator of an infinitesimal gauge transformation is
a 1 ab a
U=y Pa—zr Jap + 0K, + v D.

The transformation law §A = —du — [A, u] leads then to

4 Cupv = VyuLyp — Vp Ly, is called the Cotton two-form. See [21] for a nice review.
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de = —dp” — U)abpb + ebl’ab — ey +¢p°,

Swab — —d‘[ab _ wactcb _i_wbc_cca +eaab _ ebo,a —i—)»apb _ kb a,
S = —do® — 0ol + APy + 1%y — po?,

8¢ = —dy — e“oq + 1%py,.

(4.9)

Horne and Witten noticed that when the vielbein e, is invertible, the o gauge invariance is
precisely sufficient to set ¢ = 0. With the gauge choice ¢ = 0, the equations of motion simplify
considerably. Eq. (4.5) implies then that the torsion vanishes. If we define A, = equ A%y,
Eq. (4.8) means that A, is symmetric, whereas (4.6) leads to

R
Auv = Ry — Zg,w = Ly, (4.10)

so that A,, represents the Schouten tensor. It is interesting to note that in this context, the
Schouten tensor, which physically corresponds to a curvature, is at the same time a connection,
namely the gauge field of special conformal transformations. Eq. (4.6) is then precisely the
expression for the Riemann curvature tensor in terms of the Schouten tensor,

R,uvp(f = g,uvaa + gvcrLup - guoLup - gupL;un

valid in three dimensions. Finally, one has to interpret (4.7). To this end, one defines the
connection coefficients I'#,,, by requiring (2.5), which implies

I, = el ebp +e."0,e .
Eq. (4.7) is then equivalent to
VuLyy —VoLy, =0, 4.11)

which coincides with the equation of motion (4.2) following from the action (4.1). In the gauge
¢ = 0, the gauge theory of the conformal group with Chern—Simons action is therefore equivalent
to conformal gravity.

We can now ask what happens if one does not set ¢ = 0. In this case it is convenient to define
a generalized connection @ by

&% = @ — g, (4.12)

Note that @*” is no longer antisymmetric, and hence does not take values in the Lorentz algebra
so(2, 1) = sl(2, R), but in gl(2, R). Therefore, this connection is not metric, but it is torsionless
due to Eq. (4.5),

de® + &% neb =0.
This can be solved to give

R 1 1
a)Zb = Eea”(Bﬂebu — 8vebﬂ) + Eeaveb’x(a;hecu — dvei)ecy,
1
— Eebb’(aueau _ aveau) + eav¢v ebﬂ _ ebV¢v eaM _ nab¢ﬂ. (413)

As before, we require V%, = 0, which yields
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~ b
I, = e* &5, e + e, 0,
7
=TI vp +¢Mgv,o _¢p 8"y — ¢y 3“,0: (4.14)
where I'* » denotes the Christoffel connection. Using (4.14), one obtains for the nonmetricity

Viu8up = 28vp Pu- 4.15)

This is precisely the definition of a Weyl connection. Mathematically, a Weyl structure on a
manifold M is defined by a pair W = (g, ¢), where g and ¢ are a Riemannian metric and a one-
form on M, respectively. There exists then one and only one torsion-free connection V, called
the Weyl connection, such that (4.15) holds. Note that Eq. (4.15) expresses the compatibility of
V with the conformal class of g. It is invariant under Weyl transformations

v — g, b — bu + 3, (4.16)

where x € C°(M). Historically, the connection satisfying (4.15) was introduced by Weyl in
1919 in an attempt to unify general relativity with electromagnetism [27].

We still have to interpret Eqs. (4.6)—(4.8). Eq. (4.8) implies that the antisymmetric part of A,
represents essentially the field strength of ¢,

1 1
Aluv] = —5(%% —ou) = _Ef’”' (4.17)

Let us denote the curvature two-form of the (metric, but not torsionless) connection w by R, i.e.,
R = dw® 4+ w®. A 0. Note that the curvature of & splits as

Rab — dd)ab + cbac A Cf(\)cb — Rab _ nabf.

Eq. (4.6) is then equivalent to

Rpwpo = Zuorvo + &vorup — uorvp — &upruc, (4.18)
which yields
1
)w.v = Rp.v - ZR p 8uvs

with R, denoting the Ricci tensor. Thus, A, represents again the Schouten tensor, but the one
constructed from the connection w, which differs from the full Schouten tensor associated with
@ by a piece proportional to the field strength f,,,. Eq. (4.18) expresses just the fact that in three
dimensions the curvature is determined by the Schouten tensor alone. Note that this is still true in
the presence of torsion, cf. Appendix A. Notice also that R, is antisymmetric in its first two
indices by virtue of the metricity of w, but that R .6 # Rpouv, because w has nonvanishing
torsion. Therefore the Ricci tensor R, is in general not symmetric.
Finally, we come to Eq. (4.7). Using Ve, = 2¢,e4y, One gets

Vihop — Vohou = 0. (4.19)

As X, does not represent the full Schouten tensor constructed from the connection o, this
equation cannot be interpreted as the vanishing of the Cotton two-form associated with the Weyl
connection. If one so wishes, one can express A, in terms of the full Schouten tensor and the
field strength f, and use the Bianchi identity for f to rewrite (4.19) as

Cuov ==V fup, (4.20)
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where C,,,, denotes the Cotton two-form constructed from the Weyl connection @. For zero
‘electromagnetic’ field ¢, (4.19) means that the spacetime is conformally flat. Eq. (4.20)
resembles the relation

1 1 3
Cupv = —Zg,,pv)‘fw + ngvlfkp - EVVfW,, (4.21)

that holds for Einstein—Weyl spaces [28], i.e., manifolds with a Weyl connection for which the
symmetric part of the Ricci tensor is proportional to the metric,

R
R(uv) = gglw. (422)
The meaning of (4.20) can be clarified using the expression [28]

Ruv = Ruv — Vudy +2Vu0, — g0 $id” + dudy + g0 V" (4.23)

for the Ricci tensor Ry, of the Weyl connection in terms of the Ricci tensor Ié,w of the Levi-
Civita connection (not to be confused with R,,), the one-form ¢ and its derivatives. Plugging
(4.23) into (4.20) yields

VuLyy —VyLy, =0, (4.24)

where V denotes the Levi-Civita connection and L, = R, — % guv- Eq. (4.24) means that, in
terms of Riemannian data, spacetime is conformally flat, so that we have a Weyl structure defined
on a conformally flat manifold.

The above results can also be understood from the point of view of gauge transformations:
It is clear that, at least for an invertible triad, our model must be gauge-equivalent to conformal
gravity, i.e., to the theory with ¢, = 0. This means that there must be gauge transformations that
take any solution of our theory to a conformally flat metric. Under a general gauge transformation
g the connection changes according to

A =g 'Ag+ g dg. (4.25)
For a special conformal transformation, g = exp(—o“®K,), (4.25) leads to
(b:L = ¢u - eauUa-

This vanishes if we choose o, = e, ¢, which is always possible for an invertible triad.

We conclude this section by noting that the similarity of (4.20) with Eq. (4.21), valid for
Einstein—Weyl spaces, suggests that there might be a relationship between the Einstein—Weyl
equations and the Chern—Simons action for the conformal group. Note in this context that it
is not known whether the Einstein—Weyl equations follow from an action principle, but it was
conjectured in [28] that if such an action exists, it might be related to gravitational Chern—Simons
forms. It would be interesting to explore this direction further.

5. Metric affine gravity from SL(4, R) Chern—-Simons theory

In the preceding section we saw how to get Weyl structures from Chern—Simons theory. The
Weyl connection is a particular case of a nonmetric connection, where only the trace part is
present. One might ask whether it is possible to write a more general metric affine gravity
model as a Chern—Simons theory. We will show in this section that this is indeed possible.
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As was explained in Section 2, in metric affine gravity, the Poincaré group ISO(2, 1) is replaced
by the affine group A(3,R) = GL(3,R) x R3. In attempting to write a CS action for the
affine group, one encounters the problem that the Lie algebra a(3, R) is neither reductive nor
the double extension of some reductive Lie algebra, and therefore it does not admit an ad-
invariant, nondegenerate quadratic form.> A way out of this is to embed the affine group in
some slightly larger group that is semisimple. The most obvious thing one can do is to consider
the group SL(4, R), which contains A(3, R). Let us denote the generators of SL(4, R) by L4p,
A = 0,...,3, satisfying n48L,p = 0, with (y*®) = diag(—1, 1,1, 1). They obey the
commutation relations

[Lag, Lcpl =napLcep —nesLap.
Now split the generators into Lgp, L3, = P, and L3 = K4, where a = 0, 1, 2. In this way one
obtains
[Lap, Leal = Nad Leb — Neb Laa,
[Lab, Pl = nac Py, [Lap, Kel = —npe Ky,
[Ka, Pyl = —Lap — nCchd Nab,
[Pa, Po]l = [Kqa, Kp] = 0.

5.1

We see that L, and P, generate the subgroup A(3, R). The chosen decomposition corresponds
to rewriting the algebra sl(4, R) as the graded algebra a* = R® @ gl(3,R) @ R3. Although
this seemingly looks like a generalization of the conformal algebra, with so(2, 1) replaced by
gl(3, R), one cannot identify the K, with the generators of special conformal transformations. In
fact, SL(4, R) does not contain the conformal group SO(3, 2) as a subgroup.®

Since SL(4, R) is simple, it possesses (up to normalization) a unique gauge-invariant bilinear
form, given by

1
(Labs Led) = NadMbe — 7 TabTed: (Pa, Kp) = nap, 52)
(Lub, Pc) = <Lub, Kc) = 07 (Pu, Pb> = <Ka, Kb) =0.

Let us decompose the connection according to

A=0"Lap+ e Py + 2K, (5.3)

where we wish to interpret 0® as a gl(3, R) valued connection and e? as the dreibein.
The physical significance of A will become clear later. The generator of infinitesimal gauge
transformations is a Lie-algebra valued zero-form,

u= TbaLab + )OaPa +§a K.
The variation of the gauge field A under a gauge transformation generated by u is

SA = —du — [A, u].

STn fact it is straightforward to show explicitly that any ad-invariant quadratic form on a(3, R) is necessarily
degenerate.

6 . footnote 11 of [8].
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This means that the component fields transform as
SU}M — —dTha _ (O’b . ¢4 _ _L,hcaca) _ (ehga + ecgcnha) + ()Lapb + )chcnha)’ (5.4)
Se = —dp® + 14, e’ — o b o’ (5.5)
= —dc® — A, 4 +cb o9 (5.6)

With (5.3), the Chern—Simons action becomes

2 1
Ics = / <o”b/\daba +§aab/\abc/\aca —ZO' ANdo
+ g AdAY + Ag Ade® + 20y AT A eb> , (5.7)

with o = 0 ,. The equations of motion following from (5.7) read
de’ + 0% AP =0, (5.8)
dx* — o AAP =0, (5.9)
do® + 69 NP = —e* AN — € A ™. (5.10)
Eq. (5.8) means that the torsion vanishes, 7% = 0. Defining
W = glab], 0% =25

one can use (5.8) and (2.13) to obtain

~ 1
Fppw = FPMV + E(Qpl,w + va'u - Qupv)s (511)
where I” v denotes the Levi-Civita connection and Q7 ,,, is given by
QPMU = eap checv.

One easily verifies that Q. = Qppv, and thus I'?,,, = I'?;,,, which is of course a consequence
of vanishing torsion. Using (5.11), one obtains for the covariant derivative of the metric,

Vugvk = - Q)»;w,

so that Q;,, represents the nonmetricity. Note that we also have V, eq, = —epy Qﬁ - Using this
and the definition A, = eq; A%y, Eq. (5.9) is seen to be equivalent to

Vihaw — Vohgy =0, (5.12)

whose deeper meaning will become clear below.
We finally come to Eq. (5.10). The curvature two-form is defined by

R = do®™ 4+ 6% AP, (5.13)

Notice that in metric affine gravity, both the antisymmetry in the first two indices, and the block
symmetry Ryguy = Ruvep of the curvature tensor are lost. This is why one can define two
different Ricci tensors Ry, and Sy, (cf. Appendix A). Eq. (5.10) yields

Raﬂ;w = _gaﬂ)\ﬁv + gau)"ﬁu - gaﬂ)\;w + gaﬂ)\vua (5.14)
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and thus
R = Ra =X - 3)\- )
uv liwlv v v , (5.15)
S = RM va = —Mvp + 2000 — g’
from which we get
R S
Awv = — | R — Zg;w + S — Zglw . (5.16)

Therefore, A, represents the sum of the two Schouten tensors constructed from R, and S,,.
Eq. (5.12) means then that the sum of the two Cotton two-forms that one can construct must
vanish. Eq. (5.12) is thus a direct generalization of the field equation of conformal gravity. The
antisymmetric part of (5.14) yields

1
R[aﬂ]uv = E(_gom)hﬂv + gﬁu}tav + gozv)hﬂu - gﬁv)hau), (5.17)

which means that the antisymmetrized curvature is given in terms of the sum of the two Schouten
tensors alone. This is in fact nothing else than the irreducible decomposition of R{4gy,,» under
the Lorentz group (cf. Appendix A), which comes out here as a field equation.

We still have to interpret the symmetric part of (5.14),
1
R(aﬂ);w = E(Vu Qavﬁ -V, Qauﬂ)

1
= _E(gau)”ﬁv + gﬁu)\av - gow)”ﬁu - gﬁv)\au) — 8ap ()"MU - Avu)- (518)

In arbitrary dimension, the irreducible decomposition of Rg)uy = Zagyuy under the Lorentz
group involves five pieces (')Zaﬁw, i = 1,...,5 with @Z vanishing identically in
three dimensions [8]. Comparing the remaining four pieces given in Appendix A with the
decomposition (5.18) implied by the field equations, we get

(1)

Zopuy = 0,

5

Apy = =3 A,
_ 1 0 3
Spy = zguv)‘ p E)‘(uv)’
4 8
( )Zotﬂuv = —Z8apMuv]- (5.19)

3

A priori, the symmetric part of the curvature has 18 independent components in three dimensions,
but the field equation (5.18) tells us that seven of them must vanish ((1)Z = 0), and that the
remaining ones are determined completely by the antisymmetric and the symmetric traceless
part of the Schouten tensor A, that determines also the antisymmetric part of the curvature.
Eqgs. (5.12) and (5.18) are the only remaining equations for the metric g,,, and the nonmetricity

Qkuv-
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5.1. Simple solutions

A simple solution of these equations can be obtained by setting Oy, = 0. Then the
connection reduces to the Christoffel connection. Furthermore, R, = S,., and A, becomes
symmetric. In this case, Eq. (5.18) is satisfied iff A ,, = %kpp &uv, Which implies

R
Ruv = gg;w, (5.20)

i.e., the manifold is Einstein. For vanishing nonmetricity, we recover therefore general relativity.
Note that the cosmological constant appears here as an integration constant, and not as an input.
Notice also that Eq. (5.12) is then identically satisfied, since in three dimensions every Einstein
space is conformally flat, and thus the Cotton two-form vanishes. The fact that the cosmological
constant is no longer an external input can be seen also from a group-theoretic point of view.
The assumption of vanishing nonmetricity selects the Lorentz generators from the gl(3, R)
generators, therefore reducing gl(3, R) to so(2, 1). The equations of motion imply that A4 is
proportional to the dreibein,

A
A= —e?, (5.21)
3
with A = A”,,. Introducing the Lorentz generators J,; = —2L[4p], the connection becomes
1 ab a A
A= Ea) Jup +€“ | Py + gKa , (5.22)

so that the new translation generators are given by

A
I, =P, + gKa- (5.23)
The J,5 and 11, obey the algebra

[Jabs Jeal = Naadbe + MbeJad — NacIba — NMbd Jac-
[ap, 1] = npelly — nacIlp, (5.24)

A
[, II] = g-]ah-

Depending on the sign of X this is the algebra so(3, 1) (A < 0), so(2,2) (A > 0) or iso(2, 1)
(A = 0), generated by the isometries of de Sitter, anti-de Sitter and Minkowski spacetimes
respectively, and the cosmological constant is given by A = —A /3. An interesting observation is
that these solutions enjoy a duality symmetry exchanging e“ and A¢ and relating large and small
cosmological constants. To be more precise, if we act with the discrete transformation e +— A4,
A% > %, we obtain a new Einstein space solving the model with a cosmological constant 1/ 4.

As a slight generalization let us consider the case when the nonmetricity has only a trace part,
ie.

Qkp,v = _ngv‘f’/x-
This leads to

Vi8vr = 28u.0u, (5.25)
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so that V is a Weyl connection. If we define F = d¢, Eq. (5.18) yields

1
gaﬁF;Lv = E(gau)\ﬂv + gﬁu)\ow - gav)”ﬂu - gﬁvkau) + gozﬂ()\;w - )\vu)- (526)

Contracting with g and taking the symmetric part, one obtains

1
Aav) = §)\gav- (5.27)

Using this in (5.15) we get

2
Ry = Sy = _g)‘guvv (5.28)

which means that we have an Einstein—Weyl structure (cf. e.g. [10]). The antisymmetric part
yields

2
Alav] = ?Fav. (5.29)
Inserting (5.27) and (5.29) in (5.26) and contracting with g‘)‘/8 leads to F = 0, so that ¢ is pure
gauge, ¢ = dy locally. This pure gauge nonmetricity can be eliminated by conformally rescaling

. )
8uv = uv =€ Xg;w-

The new metric g satisfies then the same equations as in the case Q = 0, i.e., it is an Einstein
metric. g is thus conformally Einstein.

5.2. Partial gauge fixing

As was explained in Section 2, the symmetry group that is gauged in metric affine gravity is
the affine group A(3, R). On the other hand, our model has the larger symmetry group SL(4, R).
In order to interpret the Chern—Simons theory considered above as a model of metric affine
gravity, we have to gauge fix the additional symmetries, in the same way in which Horne and
Witten gauge fixed the special conformal symmetries of the SO(3,2) CS theory considered in
the previous section. We first show that one can use the additional symmetries generated by the
K, to set the trace part of the connection 6%? to zero. Eq. (5.4) yields for the variation of the
trace part under a gauge transformation

80" Npa) = —d (TP pg) — 45%eq + 417 pg. (5.30)

This shows that for an invertible triad, the ¢ gauge invariance is precisely sufficient to set
o npe = 0. Furthermore, Eq. (5.5) says that the triad is completely unchanged by a ¢ gauge
transformation, so e, remains invertible in this new gauge. The gauge transformations that
preserve this gauge are given by the A(3, R) generators 7% and p¢, but from (5.30) we see that
we must compensate with a ¢ transformation that is determined entirely by the 7% and the p®
according to

1
e = —Zec“au<r“bnab) + e A%y g (5.31)

Note that ¢, = 0 implies Q",w = 0, and thus by (5.18) A[,,,) = 0, so the tensor A is symmetric
in this gauge.
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Next we show that the symmetries of the gauge fixed model consist of diffeomorphisms and
local GL(3, R) transformations, as they should for metric affine gravity. If we set p¢ = ¢% = 0
in (5.4)~(5.6), the t?® give a local GL(3,R) transformation. Local diffeomorphisms are not
apparent in the transformation laws. Under a diffeomorphism generated by —v*, the fields should
transform as

Se, = —v" (3¢ — uey) — 0, (07 e,
ol = —vY(@,05" — 8,05") — 9, ("), (5.32)

829, = =0 (0,19, — 8,A%)) — 8, (V' A%).

This should be a gauge transformation in our theory. If we make a gauge transformation with
gauge parameters p¢ = v’e?,, % = v”afb, ¢4 = e““)»bﬂp;, (as required by (5.31)), this
differs from the diffeomorphism by

S a a v a a a ¢ a ¢
dety —8e"y = —v (0ve"y — dpe”y + oy e — o, ),
SUl’jh — 805]’ = —v" (81,03}’ — 9,090 — P2l egpe, — 29 e

‘ (5.33)
+)\bueav + )\cueLvnab - Sdajb + O’;be';ld> s

8A% = 82 = —v" (@A) — Buhy + 00 e A pecy — Aauol®).

These differences vanish when the equations of motion (5.8)—(5.10) hold, and when A, = A,
which is satisfied in the gauge o“, = 0 that we use. Thus, diffeomorphisms are gauge
transformations on shell.

6. Conclusions

It is possible to geometrically extend general relativity in several ways, by allowing torsion
or nonmetricity in the theory. In this article, we focused on three spacetime dimensions and
showed how to write such generalized gravitational models as Chern—Simons theories. Starting
from the usual formulation of three-dimensional gravity and using a nonstandard decomposition
of the Chern—Simons connection, we recovered the Mielke—Baekler model for arbitrary sign of
the effective cosmological constant by playing with the independent coupling constants admitted
by the gauge group. In this way, we realized explicitly three-dimensional gravity with torsion
as a Chern—Simons theory. Then, we turned to torsionless but nonmetric gravitational models.
The simplest example is obtained by allowing only the trace part of the nonmetricity. This is
Weyl’s gravity, and we proved its equivalence with the SO(3, 2) Chern—Simons theory describing
conformal gravity. Finally, we obtained a gravitational theory with more general nonmetricity
by embedding the affine group A(3,R) in the special linear group SL(4, R) and writing a
Chern—Simons action for the latter. It would be interesting to see whether it is possible to obtain
a gravitational theory incorporating both nonmetricity and torsion from a Chern—Simons theory.

These gravitational models in reduced dimensionality are interesting because their
integrability allows one to investigate important theoretical questions linked to the gravitational
force. For instance, we already mentioned the asymptotic dynamics of the MB model in
the Aegf < O case, which deserves further analysis to identify the corresponding dual field
theory. This, in turn, would give the opportunity to understand the statistical mechanics of the
Riemann—Cartan black hole.
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Another important issue in theories where torsion and/or nonmetricity are present is the
coupling with external matter. This is particularly problematic with generic nonmetricity, since
the concept of the light cone, and hence of causality, ceases to be invariant. However, in the
Chern—Simons models of gravity under consideration, one can easily write down an invariant
action for a particle propagating on the backgrounds that it generates as a Wess—Zumino
functional [29],

Sp = /dr(K, g 9. 9), (6.1)

where K is a constant element of the algebra, encoding the geometric properties of the particle
(mass, spin, etc.) and g(t) is an orbit of the gauge group of the gravitational theory under
consideration. This formulation has the advantage of providing straightforwardly a symplectic
form for the Hamiltonian description of the theory, which can be used to quantize the particle
in a coordinate independent way. The analysis of such systems would allow one to define
new intrinsic properties of the particles, analogous to mass and spin, but corresponding to the
additional generators of the gauge group. Hopefully, this could provide some insight into the
interpretation of metric affine theories, even in higher dimensional cases.
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Appendix A. Decomposition of curvature in metric affine gravity

In this section we briefly summarize the irreducible decomposition of the curvature under the
Lorentz group, given in [8]. Thereby, we specialize to three dimensions.
Let us first consider the antisymmetric part of the curvature. One easily shows that

€, Rapuve” p = 2Rpy — R gy + 280y — S g0y, (A.T)
where

Ruv = R0,  Siw=RJ R=R',, S=S*,=R. (A2)

n v

Note that in metric affine gravity, the Riemann tensor is no longer symmetric in the first two
indices, so that one can define two different Ricci tensors R, and S,,,, that in general are not
symmetric. (For vanishing nonmetricity, but nonzero torsion, one has R(g),v = 0, so that the
two Ricci tensors coincide. However, since Ryguy 7# Ryuvap, the Ricci tensor is not symmetric.)
Contracting (A.1) with €;," €” ), yields

1
R[ak]nr = z(go'nLkr + gATLUn - garLAn - gknLaf)v (A.3)

where L, denotes the sum of the two Schouten tensors built from R, and S,,,,

R S
L;w = R;Lv - Zg/w + S,u.v - ngw (A.4)
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One can of course further decompose (A.3) into three pieces corresponding to the antisymmetric,
symmetric trace-free, and trace parts of the sum of the two Ricci tensors [8].

In order to decompose the symmetric part Rugyuv = Zaguv 0f the curvature, one first splits
Z into a traceless and a trace part,

1
Zapuv = Zapuv + ggaﬂzywv-

Then one gets [8]

a

) 2) 3) 4) (5)
Zapuy = Zocﬂ/w + Zaﬁpw + Zaﬁ;w + Z(xﬁuv + Zaﬁ;w’ (A.5)
with @'z identically vanishing in three dimensions and
Zopuv = I_O(gfw Apv — 8av App + 8pu Aav — v Aap) — ggaﬂ Ay,
4 1
( )Zaﬁuv = ggaﬂzyyuvv
®) 1 - - - =
Zopur = g(gom Spv — 8av Spu + 8pu Zav — 8pv Sap)s
(1 (3) “) 5)
Zotﬁpw = Z“ﬁlﬂ) - Zotﬂ;w - Z(xﬂp,u - Zaﬂ;w’ (A.6)
where
_ 1
AMV = le«aav - Zuaocw Spy = E(Zﬂa‘” + Zvaaﬂ)'

In three dimensions, Zyg,, has 18 independent components, and (A.5) corresponds to the
decomposition 18 =74+04+3 +3 4 5.
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